Abstract. We study the Poisson bracket invariant pb, which measures the Poisson noncommutativity of a smooth partition of unity, on closed symplectic surfaces. We prove that when the smooth partition of unity is subordinated to an open cover made of discs of area c, and if the open cover is sufficiently localized, then the product of this invariant with c is bounded from below by a universal constant. This result, which could be understood as a symplectic version of the mean value theorem, almost completely answers (in the case of surfaces) a question of L. Polterovich.
Introduction
In his investigation of the function theory on symplectic manifolds, L. Polterovich introduced in [Po2] the so-called Poisson bracket invariant as a quantitative measure of the Poisson noncommutativity of functions forming a partition of unity. As our purpose in this paper is to extend and to improve upon the known lower bounds on this invariant for symplectic closed surfaces, let us use this introduction to properly present the definitions and results established in the subject which are relevant to this article.
A symplectic manifold is a pair (M, ω) where M is a smooth manifold and ω is a closed nondegenerate differential 2-form on M , which means that dω = 0 and the bundle map ω : T M → T * M : X → X ω is an isomorphism. This property of ω implies that M is necessarily even-dimensional, say dim(M ) = 2n. In this paper, all symplectic manifolds are assumed to be closed, i.e. compact without boundary, with explicit mention otherwise. The symplectic gradient of a smooth function H on M is the vector field X H such that −dH = X H ω, that is X H := (ω ) −1 (−dH). The Poisson bracket associated to (M, ω) is the bilinear map
be an open cover of M ; we shall always assume that each U i is connected. Let F = {f i } N i=1 be a smooth partition of unity subordinated to the cover U, written F ≺ U: namely f i ≥ 0, supp(f i ) ⊂Ū i for all i ∈ 1, N := {1, . . . , N } and F := 
pb(F) .
Observe that both these invariants, while nonnegative, might vanish: for instance, given a smooth function h : M → R and G = {g i } This is however impossible when U is constituted of displaceable open sets: this follows from (the contrapositive of) the nondisplaceable fiber theorem [EP] , which states that if a function f : M → R N : x → (f 1 (x), . . . , f N (x)) has components which pairwise Poisson commute, then some preimage of f is nondisplaceable in (M, ω). More explicitly, a diffeomorphism φ : M → M is Hamiltonian if there exists a smooth time-dependent function H t on M , defined for t ∈ (− , 1 + ) for some > 0, such that φ = φ In [Po2] , Polterovich proved a quantitative version of the nondisplaceable fiber theorem, which we formulate here in a way which is more convenient for our purposes and which can be deduced from the material in [PoR] : whenever U is constituted of displaceable open sets, (1.1) + ∞ > pb(U)e H (U) ≥ 1 8N 2 where N is the cardinality of the cover U, where e H (U) := max i∈{1,...,N } e H (U i ) and e H (U ) is the Hofer's displacement energy of a set U ⊂ M . Namely, for φ ∈ Ham(M, ω), define its Hofer's norm or energy as
and set e H (U ) := inf { φ H : φ ∈ Ham(M, ω) displaces U }, with the convention e H (U ) = +∞ if U is nondisplaceable. (Hofer's norm introduces a Finsler-like metric on the group Ham(M, ω), leading to the so-called Hofer's geometry, while the displacement energy introduces a sort of geometry on symplectic manifolds.) The proof of (1.1) is sophisticated, relying on the functional analytic apparatus of (symplectic) quasi-states on the function space C ∞ (M ) (equipped with the Poisson bracket) constructed from spectral invariants obtained using the Hamiltonian Floer homology and the quantum cohomology of the symplectic manifold (M, ω).
In [Po3] , Polterovich established that if the cover U is further assumed to be "regular" and "fine", morally meaning that each open set U i can be displaced within a sufficiently "localised" neighbourhood of it with the aid of a Hamiltonian diffeomorphism of energy smaller than some arbitrary prescribed value E , then there exists a constant C > 0 depending on what is considered "sufficient" above, but not on the cardinality N of the cover, such that pb(U)E ≥ C.
Notice that e H (U ) is smaller than E, possibly much smaller. Nevertheless, based on this result and on his intuition that "irregular" covers tend to have a higher pb invariant, Polterovich asked whether the following conjecture were true: Conjecture 1.1 ((Strong) Poisson bracket conjecture). There exists a constant C > 0 depending only on (M, ω) such that for any open cover U constituted of displaceable sets, (1.2) pb(U)e H (U) ≥ C .
We emphasize that both pb and e H depend on the symplectic form ω: namely, under the rescaling ω → λω with λ > 0, pb(U) → λ −1 pb (U) and e H (U) → λe H (U) for any given U. Hence the quantity pb(U)e H (U) depends only on the class [ω] ∈ P(H 2 dR (M ; R)), and so would the constant C above. This invariance of the product pb(U)e H (U) under rescaling suggests its geometrical importance. In fact, the strong Poisson bracket conjecture could be interpreted as a symplectic version of the mean value theorem: let (M, g) be a Riemannian manifold, U ⊂ M be an open subset with injectivity radius ρ(U ) and f ∈ C ∞ (M ; R) be supported in U . Let's assume that f (p) = 1 at some point p ∈ U so as to mimic the use of partitions of unity in the strong Poisson bracket conjecture. The mean value inequality implies
Hence, the supremum norm of the first derivative of one or several smooth function(s) times the size of the set(s) which support the function(s) is bounded from below by a constant which is independent from both the function(s) and the set(s). This analogy shall serve as an important (geometric) guiding principle in this paper.
A related and perhaps simpler conjecture is: Observe that the left-hand side enjoys the same invariance under rescaling of the symplectic form, as Vol(M, ω) := M ω n /n!. The significance of this second conjecture is to claim that pb is bounded away from 0 on covers made of displaceable sets. The denominations "strong" and "weak" are justified by the following consideration: the strong Poisson bracket conjecture can be formulated as pb (U)Vol(M, ω) 1/n ≥ C Vol(M, ω) 1/n e H (U) , which virtually implies the weak form of the conjecture whenever e H (U) is small enough. We admittedly do not know if on any given symplectic manifold the displacement energy of a displaceable open set is bounded from above, a statement whose validity would guarantee that the weak conjecture follows from the strong one. However this statement is true when M is a surface, as in that case e H (U ) ≤ (1/2)Area(M, ω) for any displaceable set U ⊂ M . Conversely, the weak Poisson bracket conjecture is not completely clueless about the strong form of the conjecture, as it can be written pb(U)e H (U) ≥ C e H (U) Vol(M, ω) 1/n , hence implying, if it were true, that the strong conjecture is morally valid whenever e H (U) is large enough. Remark 1.1. If the weak Poisson bracket conjecture were true in some dimension greater or equal to 4, then the constant C would genuinely depend on (M, ω). Remark 1.2. An "intermediate" Poisson bracket conjecture is pb(U)w G (M, ω) ≥ C(M, ω) where w G (M, ω) denotes the Gromov capacity of (M 2n , ω), to wit
where B 2n (r) denotes the standard open ball of radius r in R 2n and ω 0 denotes the standard symplectic form on R 2n . This conjecture appears somewhat more natural from a symplectic standpoint, and it would also imply the weak Poisson bracket conjecture since Vol(M, ω) 2/n ≥ w G (M, ω). The previous remark applies even more vividly to this "intermediate" statement.
To our knowledge, the best estimate known to hold for every symplectic manifolds and without restriction on the open cover is still (1.1). Under some assumptions on (M, ω) and U, Seyfaddini's [Se] and Ishikawa's [I] studies of spectral invariants led to proofs of the estimate pb(U)e H (U) ≥ C/D 2 where C > 0 is a universal constant and
is what they call the degree of U 1 . By a clever use of the lower semicontinuity of the Poisson bracket (see for instance [PoR] ), Polterovich and Buhovsky-Tanny established the validity of the strong conjecture for a large class of covers U, namely those which are sufficiently localized with respect to a Riemannian metric g compatible with ω; see [BT] . Buhovsky and Tanny moreover proved in the same paper that the strong Poisson bracket conjecture is sharp for the latter class, in the sense that it is possible to exhibit a family of such covers {U i } i∈N such that
The situation on surfaces is more tractable than for general symplectic manifolds. Indeed, Buhovsky and Tanny [BT] obtained several better lower bounds on pb valid uniformly on all surfaces; their results come into two sets of estimates, which we respectively dub "degree" estimates (which involve the degree D of a cover) and "essential" estimates (which involve the existence of socalled essential sets to the cover). Explicitly, they proved that there exist a constant C > 0 such that for any symplectic surface (M, ω) and any open cover U of M made of displaceable open discs Buhovsky and Tanny call the degree of U, J = J (U) ⊆ U is the subset of essential sets of U, where U i ∈ U is essential if U \ {U i } is not a cover of M , |J | is the cardinality of J , and χ(J ) = 1 if J = ∅ and 0 otherwise. These estimates follow from elementary, yet clever (and for the "degree" estimates, at times intricate) arguments with a strong geometric flavour.
Buhovsky, Logunov and Tanny [BLT] very recently announced a proof of the strong Poisson bracket conjecture for every closed symplectic surface. To accomplish this breakthrough, the authors consider an invariant pb(F, G) associated to two partitions of unity F = {f 1 , . . . , f N } and G = {g 1 , . . . , g L } on M . This sort of invariant (an instance of which was already considered in [Po3] ) could be interpreted as a measure of the level of "Poisson noncommutativity" or of "Poisson interaction" of the two partitions of unity, so that pb(F) pb(F, F) becomes a measure of "Poisson self-interaction". The authors prove that there is a universal constant C > 0 such that for partitions F and G respectively subordinated to open covers U = {U 1 , . . . , U N } and
Loosely speaking, they achieve this by noticing that it is possible to bound the (geometric) quantity pb(F, G) max{e H (U), e H (V)} from below in terms of the numbers of intersection points of the level sets of the functions from F and G, and that these numbers are themselves universally bounded from below.
Main results and structure of the paper
In this paper, we also prove the Poisson bracket conjectures for (almost) every symplectic closed surfaces. Our methods build upon the work [BT] and although they share as such similarities with the recent work [BLT] , they are different enough to provide in our opinion a valuable complementary perspective on these results. In order to state the precise results and to explain our approach, we need a few definitions.
Definition 2.1. Let (M, ω) be a symplectic manifold and U = {U 1 , . . . , U N } be an open cover. The degree function associated to U is the map
where χ S denotes the characteristic function of a subset S ⊆ M . The small degree of U is
Definition 2.2. Let M be a smooth manifold. A finite open cover U = {U 1 , . . . , U N } on M is said to be in general position if the sets U i have smooth boundaries, if the boundaries intersect transversally i.e. ∂U i ∂U j for all i = j, and if the boundaries intersect at worst in double points i.e.
Definition 2.3. Let M be a smooth manifold and let U be a finite open cover on M . For s ∈ N, we say that U is s-localized if there are s points p 1 , . . . , p s ∈ M such that each U ∈ U contains at most one of these points 2 .
Our first main result is expressed in the following:
Theorem 6.1. (Generalized estimates) There exists a constant C > 0 such that the following holds. Let (M, ω) be a closed symplectic surface equipped with a s-localized open cover
The name of these estimates is chosen to highlight the fact that they generalize Buhovsky and Tanny's "essential" estimates; indeed, if J (U) is non-empty, then d(U) = 1 and s ≥ |J (U)|. Moreover the displaceability assumption is dropped. This result is unfortunately silent about 1-localized and 2-localized covers on S 2 , a feature shared by each of the main estimates in this paper. In fact, the displaceability assumption would be required for our results to stand otherwise verbatim for 1-localized and 2-localized covers on S 2 , as the first example given in the introduction allows to construct a 2-localized cover U = {U 1 , U 2 } on S 2 by (nondisplaceable) discs such that pb(U) = 0. In that sense, this paper does not completely cover the case of the 2-sphere 3 . Besides this drawback, these estimates are clear improvements over the "degree" estimates in (1.4) involving the (larger) degreeD. The second generalized estimate in fact establishes (almost) completely the weak Poisson bracket conjecture on surfaces. The two estimates together implies pb(U)e H (U) ≥ CN −1/2 , which is already an improvement over (1.1).
Definition 2.4. Let (M, ω) be a symplectic manifold and
x ∈ U i } and let the reach of x to be the region
Theorem 6.2. ("Reach" estimate) There exists a constant C > 0 such that the following holds. Let (M, ω) be a closed symplectic surface equipped with an open cover U = {U 1 , . . . , U N } constituted of discs in general position. If M = S 2 , furthermore assume that U is 3-localized.
Definition 2.5. Let (M, ω) be a symplectic manifold and
Very loosely speaking, averaging the above "reach" estimates over x ∈ M yield 4 :
Theorem 6.3. (Poisson bracket theorem) There exists a constant C > 0 such that the following holds. Let (M, ω) be a closed symplectic surface equipped with an open cover U = {U 1 , . . . , U N } constituted of discs in general position. If M = S 2 , furthermore assume that U is 3-localized. Then
These main estimates are proved in section 6. The first two results are established using very similar ideas. To expand a little on this, the hypotheses on the cover U are such that the cover is what we shall dub resolvable: it is possible to construct a (perhaps ramified) (quasi-)symplectic covering map π : (M , ω ) → (M, ω) and use it to lift U to an open cover U consisting in displaceable discs in general position and having at least one essential set. We then use Buhovsky and Tanny's "essential" estimates to get lower bounds on pb(U ), and a closer inspection of the relation between pb(U ) and pb(U) yield the estimates.
The paper is structured as follows. In section 3, we gather some facts which hold true on any closed symplectic manifolds. Notably, we introduce the Poisson bracket function P F ∈ C 0 (M, R) whose supremum norm generalizes the usual pb invariant for collection of smooth functions F which do not necessarily form a partition of unity. This makes the analogy between the strong Poisson bracket conjecture and the mean value theorem even more manifest. We also perform the first step towards showing that there is no real lost of generality in restricting attention to open covers in general position and consisting in discs.
In section 4, we specialize the discussion towards symplectic surfaces, establishing in that context how the Poisson bracket function behaves under (ramified) (quasi-)symplectic covering maps and how the strong and weak Poisson bracket conjectures can be rephrased in terms of the integration of the Poisson bracket function respectively on the sets of the cover or on the whole symplectic surface. This is important to the extend that the proof of Buhovsky and Tanny's "essential" estimates relies on such "L 1 -norms". In fact, we shall show that the "L ∞ -norms" and the "L 1 -norms" are in some sense equivalent to each other. We also sketch the proof of these "essential" estimates as it can be found in [BT] , our purpose being to use the more specific informations established in its course to get our main results in 6.
Section 5 is rather independent of the main narrative of the paper; we prove there 'specialized' or 'toy' versions of the first generalized estimate and of the Poisson bracket conjectures, which not only hint at the validity of the Poisson bracket conjectures for every surfaces, but also yield valuable guidance in come up with the arguments exposed in the next section 5 . The central part of the paper is section 6 where we prove the main estimates above. The reader would most probably be able to jump right away to this section and still understand large chunks of the argument, going back to the previous sections as needed. We also establish in this section other subsidiary estimates which are easier to prove and harder to formulate, but which are otherwise instructive on the behavior of the pb invariant and which suffice to prove the estimate pb(U)e H (U) ≥ CN −1 for some universal constant C > 0. We conclude this section with a few remarks and open questions that are raised by our methods.
The appendix A presents technical results well-known to the experts but which we were not able to locate anywhere in the literature.
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General considerations
We first mention a well-known and rather formal property of the pb invariant. Recall that a refinement of an open cover
Given a partition of unity F ≺ V, one can construct a partition of unity G ≺ U by setting g j = i∈r −1 (j) f i . It readily follows that pb(G) ≤ pb(F) and thus that pb(U) ≤ pb(V) : the pb invariant increases under refinement. Of course the displacement energy e H decreases under refinement, hence the product pb(U)e H (U) does not behave in any obvious way under refinement. Nevertheless, this fact plays in a large role in explaining why we shall restrict our attention to open cover constituted of discs later on.
Our second observation is that the definition of the pb(F) invariant makes perfect sense for any collection of smooth functions F = {f 1 , . . . , f N }, regardless of it being a partition of unity or not. As such, our first objective is to generalize the Poisson bracket conjectures in order for them to be expressed without the assumption that F is a partition of unity. In order to fulfill this goal, we now introduce several notions and notations of preponderant importance and use throughout the paper.
Given a finite open cover U of cardinality N on a symplectic manifold (M, ω) and a collection F ≺ U, we define the Poisson bracket function associated to F as
We define the pb invariant of a positive F as the maximum of the continuous positive real function P F , namely pb(F) = P F C 0 = P F L ∞ ; this definition clearly extends the one given on partitions of unity. We accordingly define the positive pb invariant of a cover U to be
We observe that these objects are invariant under rescalings {f 1 , . . . , f N } → {λf 1 , . . . , λf N } for λ > 0. Sometimes we shall prefer to argue with the aid of the rescaling-variant quan-
We point out that the functional P :
: F → P F is rather obsviously continuous with respect to the C 1 -norm and C 0 -norm on the respective function spaces. Incidentally, pb(F) depends continuously on C 1 -perturbations of F.
These new objects have many qualities. Positive collection are more flexible than partitions of unity, allowing us perturbation arguments which would be more fastidious if we were to consider only partitions. The function P F shall allow us to somewhat localise our analysis on the symplectic manifold. It is clear that pb + (U) ≤ pb(U); the next lemma establishes that these two invariants are essentially equivalent.
Proof. The second inequality is clear. To prove the first inequality, let F be a positive collection subordinated to U and consider the partition of unityF = {f 1 , .
Maximising over a, b ∈ [−1, 1] N , we get PF ≤ 3P F . Taking infimum over positive F ≺ U yields the sought-after inequality pb(U) ≤ 3pb + (U).
As a consequence of the above lemma, the strong and weak Poisson bracket conjectures can be rephrased to respectively state the existence of positive constants C = C(M, ω) and
for open covers U made of displaceable sets. Because of the above lemma and since we do not aim for sharp estimates, from now on we shall drop the superscript + from the notation for pb(U).
Remark 3.1. Polterovich's estimate (1.1) for open covers made of displaceable sets implies
it is noteworthy that the argument proving (1.1), and more specifically the stability properties of symplectic quasi-states, could in fact readily prove pb
Our next observation is that Poisson geometry might be a natural niche for the whole problematic considered in this paper. Let (M, ω) be a 2n-dimensional symplectic manifold equipped with a partition of unity U and a positive collection F ≺ U. Let (Q, σ) be a 2s-dimensional symplectic manifold with s ≥ n and consider a Poisson morphism φ : (Q, σ) → (M, ω) i.e. a smooth map satisfying {φ
and for every point q ∈ Q. For instance, when s = n, a Poisson map is precisely a symplectomorphism i.e. a map satisfying φ * ω = σ. In such a situation, φ
The above observations can be reformulated in categorical terms. Let P be the category whose objects are pairs ((M, ω), U), where (M, ω) is a symplectic manifold and U is a finite open cover on M , and whose morphisms
be the category whose objects are real numbers and whose morphisms a → b are the order relations a ≥ b. Then pb, the product pb · e H and the corresponding numbers in terms of pb + could be understood as contravariant functors from C to (R, ≥).
This observation has a very important corollary: if any of the Poisson bracket conjectures were to fail on some surface (M, ω) = (Σ 2 , ω), then given any symplectic manifold (K 2s , η) (say with volume 1), the corresponding conjecture would also fail on Q 2s+2 = Σ × K equipped with the product symplectic form ω ⊕η since the canonical projection Q → Σ is a Poisson morphism. In other words, any counter-example in dimension 2 would yield counter-examples in all higher dimensions. It is thus crucial to test the validity of those conjectures on two-dimensional symplectic manifolds, whence our interest for surfaces in this paper.
Remark 3.2. This argument can also be used to explain remarks 1.1 and 1.2. Indeed, let (Σ, ω) be a symplectic surface equipped with a partition of unity F = {f i } i∈I and let (K 2(n−1) , η) be a closed symplectic manifold of dimension 2(n − 1) ≥ 2. For λ > 0 we consider the symplectic manifold
; if π : M → Σ denotes the canonical projection, we consider the partition of unity π * F = {π * f i } i∈I on M . We observe that the volume of M λ is independent of λ, yet pb(π * F; Ω λ ) tends to 0 as λ → 0. Consequently, the constant C(M λ alluded to in the weak Poisson bracket conjecture would necessarily depends on λ. Similarly,
conjecture would depends on λ even more strongly. Both of these two conjectures are thus not the correct ones if we were to expect the possibility for a claim involving a universal constant.
We conclude this section with a technical lemma which will allow us to fully work in the smooth realm from now on.
Lemma 3.2. Let U = {U 1 , . . . , U N } be a finite open cover of a symplectic manifold (M, ω) and let F ≺ U be a positive collection. For any > 0, there is a refinement U = {U 1 , . . . , U N } of U constituted of domains with smooth boundaries intersecting each other transversally and a positive collection F ≺ U satisfying pb + (F ) < pb + (F) + and F > F − .
Proof. Since F = {f 1 , . . . , f N } is a positive collection, the continuous function sup i∈ 1,N f i is strictly positive on the manifold M and thus its minimum m satisfies m ≥ (min F )/N > 0.
Without lost of generality we shall take < m. We now invoke Lemma A.1. in [BT] and apply it to F. Namely, for every δ > 0, there are numbers λ i ∈ [1, 1 + δ), i ∈ 1, N , such that the smooth functions
j (s) for almost every s ∈ R and for any 1 ≤ i = j ≤ N . Since pb + is C 1 -continuous, by choosing δ small enough we can manage to have that the positive collection
Lipschitz with respect to the metric µ, and we pick 0 < s < /2N small enough so that on the set g
2 L. According to the previous paragraph, we can even choose s such that all the level sets g −1 i (s) are submanifolds which are transverse to each other. For p ∈ g
Consequently, if we were to evaluate P G (p), we could set a i = b i = 0 and would still be able to compute P G (p) within an ( /3N )-error margin. In fact, for p ∈ M , if we were to set
Our next step is to define for each i ∈ 1, N the function
These are continuous, piecewise smooth and L-Lipschitz functions. Since s < /2N < m/2N , their sum G is at least F − ( /2) ≥ m/2 > 0 everywhere on M . In other words, the open sets {g
form a finite open cover of M to which the collection
is subordinated and strictly refining U. It is possible to compute P G on a dense open subset M of M , since the points where the functions g i are irregular all belong to the reunion of the submanifolds g −1 i (s) of positive codimension. On this set, the previous paragraph implies that
The Nash-Kuiper theorem allows to smoothly embed M into a large R m in an isometric way; for simplicity, we identify M with its embedded image. Denoting by π : νM → M the normal bundle of M in R m , we get functions π * g i on the total space of the normal bundle which are constant in the fiber directions. After identifying a tubular neighborhood V of M in R m with a tubular neighborhood of the zero section of νM in the natural way, we can pullback the maps π * g i to functions g i defined on V . Since the metric µ on M is induced from the Euclidean metric on V , by considering a smaller tubuluar neighborhood if necessary, we can assume that the functions g i are (L + 6 )-Lipschitz on V . Convoluting the maps g i with a smooth symmetric mollifier whose support is a ball of very small radius r, we get smooth positive functions g i defined on a smaller tubular neighborhood of M which are still (L + 6 )-Lipschitz and which are C 1 -close to the g i wherever the latter are smooth. We set the maps f i to be the restrictions of these g i to M . If r was taken sufficiently small, then each map f i is (L + 3 )-Lipschitz and its C 1 -distance to g i is at most /3 wherever the latter function is smooth. For r perhaps even smaller, the functions f i are supported in open sets g −1 i ((s, +∞)) ⊂ U i ⊂ U i whose boundary are embedded submanifolds of M , and, we have ∂U i ∂U j whenever i = j. We thus define the positive collection
. We therefore conclude that on the dense open set M , we have P + F ≤ P + F + and F > F − . Since F , F and both Poisson bracket functions are continuous, these estimates hold over the whole manifold M .
As a result, for any > 0, the above lemma allows us to replace an irregular cover U supporting a positive collection F by a much more regular refinement U supporting a positive collection F , which incidentally satisfy the relations e H (U ) ≤ e H (U) and pb(U ) ≤ pb(U) + . Since we are interested in the minimal value that pb(U) and pb(U)e H (U) can take among all covers, we clearly lose nothing in considering only regular covers.
Displaceability and the pb invariant in two dimensions
Except for seldom comments, the rest of this paper shall be only concerned with closed symplectic surfaces (M 2 , ω). The restriction to two dimensions not only renders the problematic more tractable, for instance by allowing a characterization of open displaceable sets, but the Poisson bracket invariants themselves have rather surprising properties in that case. The purpose of this section is to gather several of those general facts.
Our first concern is to understand which sets of a closed surface are displaceable. Without further hypothesis, a displaceable set might be about anything. For instance, using polar coordinates (θ, φ) ∈ (0, 2π) × (0, π) on S 2 where θ is the azimuthal angle and φ the polar angle, let X = {(θ, φ) : θ ∈ Q ∩ (0, 2π), φ ∈ (0, π)}. Then the rotation (θ, φ) → (θ + απ, φ) is a Hamiltonian diffeomorphism which displaces X whenever α ∈ R \ Q, and e H (X) = 0 since α can be taken arbitrary close to 0. Any subset of this set is thus also displaceable.
The following theorem establishes a partial characterization of displaceability for connected closed or open sets and is inspired by an important remark made in [BT] :
(1) For X closed, it is displaceable if and only if it is contained in a displaceable open set.
(2) For X open, if it is: (i) : displaceable and has smooth boundary, then it is contained in a smoothly embedded closed disc of area A ≤ (1/2) Area(M, ω); (ii) : contained in a smoothly embedded closed disc of area A < (1/2) Area(M, ω), then it is displaceable.
We give a proof of this result in the appendix A. We recall that a smooth embedding ψ :
The restriction when X is open to domains with smooth boundary is sufficient for our subsequent purposes as a result of lemma 3.2. A general characterization of displaceability for open sets is most probably known to the experts, but we are unaware of any detailed exposition of such a thing in the literature. Although we won't have any use for the general case, we mention that there are subtleties needing special care when one either drops the assumptions of connectedness or of smooth boundary, or allows to consider discs of precisely half the area of the surface. For instance, on S 2 one could use Knopp's technique to construct around the standard equator an Osgood curve -i.e. a simple curve of positive measure, see [S] -whose complement consists in two open topological discs related to one another by an element of SO (3); these open discs would be displaceable, yet would not be contained in any embedded closed disc of area at most half the total area of S 2 .
Following Buhovsky and Tanny, we shall use the latter theorem to prove that in order to inspect the Poisson bracket conjectures, it is sufficient to consider covers made of displaceable open discs with smooth boundaries. Indeed, given on a surface (M, ω) a finite open cover U made of displaceable open sets, we invoke lemma 3.2 to get for any > 0 an open cover U refining U which is made of sets with smooth boundaries and satisfying pb(U ) < pb(U) + and e H (U ) ≤ e H (U). It follows from (2)(i) above that U refines a cover U made of embedded closed discs such that pb(U ) ≤ pb(U ) and e H (U ) = e H (U ) ≤ (1/2)Area(M, ω). If this last inequality happens to be an equality, we can iterate the previous two steps to obtain a new cover U = V by embedded closed discs such that pb(V) < pb(U)+2 and e H (V) < e H (U) ≤ (1/2)Area(M, ω). According to (2)(ii) above, V is also displaceable.
For discs, Hofer's displacement energy has a nice characterization:
The proof of this result can also be found in A. Considering that we do not aim for sharp lower bounds on pb(U)e H (U), the estimates (1/2)Area(D, ω) ≤ e H (D) ≤ Area(D, ω) would suffice for us. The upper bound is established in the proof of the theorem, whereas the lower bound is the unsharp energy-capacity inequality proved by Lalonde and McDuff [LM] .
From now on, given a finite open cover U = {U 1 , . . . , U N } made of discs with smooth boundaries, instead of e H (U) (which might be infinite if some disc is non-displaceable) we shall consider the capacity of U defined as
We point out that a closed embedded disc with area smaller than c < Area(M, ω) could be extended to a closed embedded disc with area c. Given a cover by such discs, we can and shall always expand them to all have area c(U), in such a way that the new cover is in general position.
We now begin our study of the pb invariant in dimension two. We first mention the following remarkable result established by Buhovsky and Tanny 6 .
Definition 4.1. Given a finite collection F = {f 1 , . . . , f N } of smooth functions on a symplectic surface (M, ω), the Buhovsky-Tanny's Poisson bracket function P
Lemma 4.1 (Buhovsky & Tanny [BT] , Appendix B). There is a universal constant c > 0 such that for any symplectic surface (M, ω), any collection of smooth functions
The analogous statement for arbitrary higher dimensional symplectic manifolds is established in [BLT] .
This statement really is a result in symplectic linear algebra in disguise. The latter inequality simply follows from the triangle inequality. The former inequality is much more surprising. It is a first instance of several "great-to-small" and "max-to-mean" phenomena we shall encounter about the pb invariants in dimension two.
Lemma 4.2. Let (M, ω) be a surface, U a finite open cover on M constituted of discs in general position and F ≺ U of positive collection. For any > 0, there is a diffeomorphism φ : M → M such that the positive collection F := φ * F subordinated to the cover U := φ * U together satisfy
Consequently, for all η > 0 we can find φ, U and F as above such that
Proof. Without loss of generality, we can assume M P F ω > 0. For δ > 0, Whitney's approximation theorem allows us to find a smooth function P : M → R satisfying P F < P < P F + δ.
In particular, P is strictly positive everywhere on M . We shall set
Let's consider the two differential forms
The two-form ω 0 is well-defined and nondegenerate as P > 0, and it is closed as we work on a surface. We observe that ω 0 and ω 1 give the same area to M , so that
we set ω t = (1 − t)ω 0 + tω 1 , which is path of symplectic forms in the same cohomology class. Moser's argument then yields a diffeomorphism φ of M such that φ * ω 0 = ω 1 . Let π t be the Poisson bivector associated to the symplectic form ω t , that is if we denote ω t the inverse of the isomorphism ω t :
As a result, for any α,
Setting α = a · F and β = b · F with a, b ∈ [−1, 1] N , maximising over such a and b and dividing both sides by (F (p)) 2 = (φ * F )(p) 2 = F (φ(p)) 2 , this clearly implies P F ≤ M P ω/ M ω, which itself implies the first inequality claimed in the lemma by our choice of δ. We also compute
The second inequality claimed in the lemma easily follows. The last claim is then obvious.
Remark 4.1. By choosing δ also smaller than both
we can similarly prove that, respectively,
Therefore, for all η > 0 we can find φ, U and F as above such that
If P F is nonconstant, we have thus obtained a way to find from a pair (U, F) a new diffeomorphic pair (U , F ) which verifies pb(F )Area(M, ω) ≤ pb(F)Area(M, ω) and pb(F )c(U ) ≤ pb(F)c(U), a procedure which sounds relevant to testing the validity of the Poisson bracket conjectures. However, there is no reason for the new cover U to be constituted of displaceable sets, as c(U ) might be larger than half the area of the surface. This is fortunately not a problem for surfaces M = Σ g with genus g ≥ 1. 
Proof. There is a two-sheeted covering map p : Σ g → Σ g . Given a cover U on M as in the statement, a positive collection F ≺ U and a symplectic form ω on M , we define U as the cover made of the connected components of the sets in p * U and ω := p * ω. It is clear that the small and the large degrees are preserved. The fact that each U i is a disc and hence contractible implies that U i := p * U i has two connected components U
(1) i and U
i , each of which is diffeomorphic to U i . It thus clear that N (U ) = 2N (U) and that c(U ) = c(U). However, since Area(Σ g , ω ) = 2Area(Σ g , ω), it follows that c(U ) < (1/2)Area(Σ g , ω ) and the discs U
are smooth, positive, have disjoint supports and satisfy p
i }. We readily have P F = p * P F and F = p * F , whence pb(F ) = pb(F) and thus pb(U ) ≤ pb(U). 
Proof. The result follows from applying lemma 4.2 and remark 4.1 to the cover U and the positive collection F ≺ U constructed during the proof of lemma 4.3. This time the discs in U are displaceable, since the discs all come in pairs of disjoint discs with the same area.
If we had on a surface M estimates of the form
for every cover made of (perhaps nondisplaceable) embedded discs in general position, we would also have respectively the estimates
for the same set of covers. This "mean-to-max" approach was in fact used by Buhovski and Tanny [BT] to prove their estimates (1.4). A critique that one could raise against such an approach is that it stands little chance to yield optimal estimates, and as such the approach initiated by Buhovski and Tanny could be quite incapable of proving the Poisson bracket conjectures for surfaces, regardless of the intrinsic interest and the impressive ingenuity of their work. Corollary 4.1 however shows that their "mean-to-max" approach is essentially inevitable, since a sort of "max-to-mean" phenomenon also exists: the validity of estimates of the form
for open covers made of displaceable discs in general position on a symplectic surface of genus 2g − 1 (g ≥ 1) implies the validity of the respective estimates
for any positive collection F subordinated to a cover U formed of (non-necessarily displaceable) embedded discs in general position on a symplectic surface of genus g.
In the present paper, we shall adopt the point of view that these "L 1 -estimates" are geometrically more fundamental than the original "L ∞ -estimates" we were originally aiming for. We shall also take benefit whenever of the possibility to get rid of the displaceability assumption.
The case M = S 2 is once again more complicated, and we will be only able to prove estimates under some assumptions on the covers. In order to do that, we need to state one technical definition and to prove one technical lemma. Proof. Let δ > 0. We fix a Riemannian metric g compatible with ω and we can assume without lost of generality that g is Euclidean in a neighborhood D p (by using a Darboux chart on that neighborhood and choosing the standard compatible Euclidean metric). We denote µ the associated distance function and we set r 1 := min i∈ 1,N µ(∂U i , ∂U i ).
We use lemma 3.2 to get a new cover U which (in particular) strictly refines U, meaning that U i ⊂ U i for every i ∈ 1, N , and a positive collection F ≺ U which satisfies |f i − f i | < δ/3 and ∇f i − ∇f i < δ/3 on M , for every i.
The metric g induces spherical coordinates centred at p on a metric disc inside D , say (r, θ) ∈ (0, r 2 )×S 1 ⊂ D . Let 0 < r 2 < r 2 and let Φ : (0, r 2 )×S 1 → (r 2 , r 2 )×S 1 be a smooth orientationpreserving diffeomorphism such that for every i ∈ 1, N , we have
These are continuous, piecewise smooth functions such that for every i and on the whole M , |f i − f i | < δ/3 and ∇f i − ∇f i g < δ/3 (wherever defined). Pick r 3 < min{r 1 , r 2 /2} small enough for that concatenation of the f i s with an appropriate mollifier supported in a ball of radius r 3 would yield, like in the proof of lemma 3.2, a new positive collection F = {f i } N i=1 such that |f i − f i | < δ/3 and ∇f i − ∇f i g < δ/3 (wherever defined) on M , for every i. We notice that F ≺ U, that |f i − f i | < δ and ∇f i − ∇f i < δ on M , for every i. Moreover, each f i is constant on D = [0, r 2 /2) × S 1 . By choosing δ small enough, we obtain F such that pb
Lemma 4.5. Let (M = S 2 , ω) be a symplectic two-sphere and U a finite open cover of M by open discs in general position. Suppose moreover that U is 4-localized; let p 1 , . . . , p 4 be four points at which U is localized, which we can assume not to lie on the boundary of any U ∈ U. Then for every > 0, there is on a certain symplectic torus (T, ω ) with area 2Area(M, ω) + 4 a finite open cover U constituted of discs in general position which satisfies
Proof. There is a two-sheeted branched covering map p : T → S 2 which is branched at the four points p 1 , . . . , p 4 . Given a cover U on M as in the statement and a symplectic form ω on M , we define U as the cover made of the connected components of the sets in p * U, and set ω := p * ω. Note that ω fails to be symplectic precisely at the four points p k := p −1 (p k ). It is clear that the small and the large degrees are preserved. The fact that each U i is a disc (hence contractible) and contains at most one of the four p k s implies that U i := p * U i has either one or two connected components, depending respectively on whether U i contains a p k or not, say U 
→ U i is a diffeomorphism; otherwise this map is a two-sheeted branched cover. It is thus clear that N (U ) ≤ 2N (U).
Let F ≺ U be a positive collection. For some η > 0, we use lemma 4.4 to C 1 -perturb F into a positive collection F where each f i is constant in a neighborhood
(if the latter exists) are smooth, positive, have disjoint supports when the second exists and satisfy in that case p
we choose a positive smooth bump two-form ω k supported in D j , nondegenerate at p k and which integrate to . The two-form ω := ω + 4 k=1 ω k is symplectic, can thus be used to compute Poisson brackets and integrates to 2Area(S 2 , ω) + 4 . It also follows that for each set U i which contains a p k , the disc U i has ω -area 2c(U i ) + ; all other discs U (j) i have area c(U i ).
Since the functions f i are constant on the discs D k , we have P F = p * P F , whence pb + (F ) = pb + (F ) < pb + (F) + η. Since F and η are arbitrary, pb(U ) ≤ pb(U).
In a similar vein, Lemma 4.6. Let (M = S 2 , ω) be a symplectic two-sphere and U a finite open cover of M by open discs in general position. Suppose moreover that U is 3-localized; let p 1 , . . . , p 3 be three points at which U is localized, which we can assume not to lie on the boundary of any U ∈ U. Then for every > 0, there is on a certain symplectic sphere (S 2 , ω ) with area 2Area(M, ω)+2 a finite 4-localized open cover U constituted of discs in general position which satisfies
Proof. The argument proceeds essentially in the same way as above, using the fact that there is a two-sheeted branched covering p : S 2 → S 2 which is branched at the two points p 1 and p 2 . The point p 3 is thus lifted to two different points p The last two lemmata show how we can associate to any 3-localized cover made of embedded closed discs on the sphere a cover constituted of embedded closed on the torus. Consequently, we can infer lower bounds on the pb invariants of such 3-localized covers on the sphere from lower bounds on the pb of appropriate general covers on the torus. We have no idea if such an approach is possible for 2-localized covers on the sphere, let alone for the 1-localized ones; the assumption that the discs in the cover are displaceable would then be necessary, as any cover
2 by only two discs verifies pb(U) = 0.
We now comment on the proof of Buhovsky and Tanny's "essential" estimates, as aspects of the proof have pivotal role in our forthcoming arguments. To begin with, we point out that their result is somewhat stronger than what is expressed in (1.4) (or even in the statement of their Theorem 1.3) and could be spelled out as follows: 
We could summarize our forthcoming arguments as different resolution procedures relating the pb invariant of a cover U to the pb invariant of another cover U admitting essentials sets on which we shall apply Buhovsky and Tanny's estimates. However it will be sometimes easier to appeal to finer consequences Buhovsky and Tanny's argument itself than to get into involved constructions of resolutions, so we now give an overview of their proof with a special focus to the aspects most important to us.
We let go of the assumption that the discs in U are displaceable and we assume instead that (1) the closure of each disc U ∈ U is a smoothly embedded closed disc; (2) any essential set, for instance U 1 to fix the ideas, is such that every U ∈ U satisfies U 1 ⊇ U c , or equivalently U c 1 ⊆ U . We have seen in section 4 that (1) almost follows from the displaceability assumption, whereas the displaceability assumption certainly implies (2). Indeed, if there were U ∈ U such that U c 1 ⊂ U , then the closed set U c 1 would be displaceable, so U 1 would have area strictly greater than half the area of M and would not be displaceable.
Notice that the second assumption is superfluous if M has genus g ≥ 1 (the only relevant case for us later). Indeed given any smoothly embedded closed disc D ⊂ M , the inclusion map ι D : D → M is nul at the level of the first homology groups, whereas the inclusion map ι D : D c → M is surjective on H 1 ; so it is impossible for ι U 1 to factor through an inclusion of (U 1 ) c into some disc and a fortiori some U ∈ U.
Let F = {f 1 , . . . , f N } be a partition of unity subordinated to U. Buhovsky and Tanny's argument aim to prove the inequality
Invoking definition 4.1, the above estimate would prove the first estimate in theorem 4.3. By (2), summing the inequalities associated to each essential set yields the second estimate in theorem 4.3.) As we shall soon see, the only occasion on which Buhovsky and Tanny uses the displaceability assumption in their proof of this inequality is through the assumptions (1) and (2) above and thus remains valid in this more general context.
In fact, since
we get for any measurable set V ⊇ supp(df 1 ) the finer useful estimate (4.1)
Remark 4.2. Loosely speaking, Buhovsky and Tanny implicitly consider during their proof the region S + ⊆ supp(df 1 ) spanned by some curve x s 1 under the flow of the symplectic gradient of the function f 1 until the curve reaches a fixed curve y s . The lower bound 1/2 above is in fact a lower bound on S + P BT F ω. By considering also the region spanned by x s 1 under the negative gradient flow of f 1 until it reaches y s , we get another region S − ⊆ supp(df 1 ) which is quasi-disjoint from S + , and the same argument yields
This better lower bound has been noticed and explained differently in [BLT] .
Specialized Poisson bracket conjectures
This section stands relatively independently from the forthcoming section and could thus be skipped on a first reading. We use the previous general results to prove that the Poisson bracket conjectures imply purely topological statements about open covers by dics on surfaces when applied to particular choices of positive collections F. We then proceed to establish those topological propositions. To the best of our knowledge, these are the first clues in favor of the Poisson bracket conjectures which do not assume anything on the cover; this gain is made at the expense of generality in the choice of F.
The setting is that of a symplectic surface (M, ω) equipped with a finite open cover U = {U 1 , . . . , U N } made of discs with area c and with smooth boundaries {C 1 , . . . , C N } which intersect transversaly and at worst in double points i.e. at most two boundary circles intersect at any point. If M = S 2 we furthermore assume that c < (1/2)Area(S 2 , ω) and that the cover is 3-localized.
We notice that the assumptions on the areas of the discs imply that for any two overlapping discs, their boundary circles intersect each other. The transversality assumption then implies that the two corresponding (contractible) boundary circles intersect an even number of times.
We construct from these data the graph Γ = (V, E) whose vertices and edges respectively are the elements of the sets
where π 0 (X) is the set of connected components of a topological space X. In other words, e ∈ E is an arc in some C i which connects two vertices and contains no other vertex. Notice that Γ is 4-regular, meaning that precisely 4 edges meet at any vertex. By its very definition G is an embedded surface graph, since it can be geometrically realized as the subset G := N i=1 C i of the surface M which verifies that G \ V is an embedded submanifold.
There is of course an immersion i : G → R 2 which is injective on V; in fact, i extends to a symplectic mapĩ : (Op(G), ω) → (R 2 , dx ∧ dy) where Op(G) ⊂ M is an open neighborhood retract of G. Without lost of generality, we can assume that edges i(e 1 ) and i(e 2 ) which meet at i(v) do so at right angle at i(v) and that they are straight line segments near i(v). We pullback the Euclidean metric byĩ to a (flat) Riemannian metric g on Op (G) . This metric is compatible with ω and can thus be extended to a Riemannian metric (that we shall also denote g) on the whole of M everywhere compatible with ω. We denote µ the associate distance function.
For a sufficiently small δ > 0, let A δ j ⊂Ū j be (half of) a closed geodesic tubular neighborhood of the circle C j of width δ. As such, ∂A δ j = C j C δ j where C δ j ⊂ U j is a smooth circle such that µ(p, C δ j ) = δ = µ(q, C j ) for all p ∈ C j and q ∈ C δ j . If δ is small enough, at most two of these annuli intersect at any given point. For each j ∈ 1, N we define
and for > 0 we define the smooth function
] is a smooth non-decreasing function which is constant near {0, 1}, which satisfies ρ = id on most of (0, 1) and which verifies ρ < 1 + . Given a very small δ and distinct i, j ∈ 1, N , the connected components of A 
We therefore estimate that δ −2 < pb + (F) < δ −2 (1 + ) 2 , which is quite large. Yet, if S is one of the little squares we considered above, we have S P + F ω < (1 + )
2 . In order to build upon this observation, let V denote the cardinality of V and for i ∈ 1, N let V i denote the cardinality ofŪ i ∩ V, namely the number of intersection points of the boundary circles inside or on the boundary of U i . We easily get the estimates
2 V and
Our assumptions on U and the results we proved in section 4 imply that there is a universal constant K ≥ 1 such that for any η > 0, we obtain a higher genus surface (M , ω ) with ω -area at most KArea(M, ω), on that surface a cover U made of displaceable open discs with area smaller than Kc and smooth boundaries, and a positive collection F ≺ U which satisfies min F ≥ K −1 min F and
If we now suppose that the weak or the strong Poisson bracket conjectures are true (at least on surfaces of genus g ≥ 1), they respectively imply together with what precedes that there is a constant C = C (M ) > 0 such that
Recalling that d = d(U) denotes the small degree of the cover U, if δ is chosen small enough we have min F = d and thus we get
and therefore that there is a constant C = C(M ) > 0 such that
The weak and the strong specialized Poisson bracket conjectures are that these two respective estimates hold true for surfaces and covers as in the above setting. Not only are these specialized conjectures true, but a somewhat stronger result hold.
Theorem 5.1. Let M be a closed surface and U = {U 1 , . . . , U N } be an open cover by discs whose boundaries are smooth, transverse to each other and intersecting at worst in double points. Let's further assume that whenever two discs overlap, their boundaries intersect. Denote d the small degree of U, V the set of points where boundary circles meet, V the cardinality of this last set and
Before entering the proof of this statement, we observe that under the same assumptions as in the theorem, it is rather easy to prove that there is a universal constant C > 0 such that
We note that this second inequality is in fact the specialized version of the inequality of the first generalized estimate. For p ∈ M we define the local degree of U at p as
. . , U p dp ∈ U are the discs containing p, then since they overlap, each pair of different boundary circles ∂U p i and ∂U p j intersect and they do so at least twice due to their transversality and contractibility. If follows that inside the closure of the reunion U p of these discs, there are at least
Proof of theorem 5.1. The demonstration rests on a "mean-to-max" argument, namely we shall prove the stronger estimate
for some constant C = C(M ) > 0. In order to do so, our aim is to prove the two estimates
where C 1 , C 2 > 0 are two (perhaps M -dependent) constants and the E[d p ] is some average of the local degrees of U to be specified during the argument. We reiterate our sincere thanks to Jean Lagacé for having suggested this overall strategy to us.
We associate to the cover U a graph Γ = (V, E) constructed in the exact same way as considered earlier in this section. Since this graph is embedded inside M with image G, the set Φ = π 0 (M \ G) can be interpreted as the set of faces of a CW-complex decomposition (V, E, Φ) of M . We set the notations V = V, E = E, F = Φ and for each i ∈ 1, N we write
Remembering that Γ is 4-regular and observing that the endpoints of each edge are distinct, we get E = 2V , hence V = E − V = F − χ. Similarly, for any givenŪ i , any vertex in it is the endpoint of at most 4 edges contained in the closed disc, whence 4V i ≥ E i and thus
For each i ∈ 1, N , pick a point p i ∈ U i ; these choices can be made such that d p i ≥ d + 1. On the one hand, by hypothesis on U and by definition of Γ, each vertex v ∈ V belongs to precisely two circles ∂U i . On the other hand, the boundary circle ∂U i intersects the other boundary circles at least in 2(d p i − 1) vertices. Hence
This proves the estimate V /N ≥ d. We now compute
If we write Φ = {φ 1 , . . . , φ F }, we observe that the function p → d p is constant on the interior of each φ j , with value d(φ j ) telling us the number of discs U i containing φ j , whence
. In summary, we proved that
Proof of the main estimates
This section is devoted to the proofs of the main estimates on pb(U) claimed in section 2, which we state here in a more general and stronger form based on the function P BT F introduced in section 4.
Theorem 6.1 (Generalized estimates). There is a universal constant C such that the following holds. Let (M, ω) be a closed symplectic surface equipped with a s-localized open cover U = {U 1 , . . . , U N } constituted of discs in general position. If M = S 2 , furthermore assume that U is s ≥ 3. Then
(first generalized estimate),
Theorem 6.2 ("Reach" estimate). There is a universal constant C such that the following holds. Let (M, ω) be a closed symplectic surface equipped with an open cover
Theorem 6.3 (Poisson bracket theorem). There is a universal constant C such that the following holds. Let (M, ω) be a closed symplectic surface equipped with an open cover U = {U 1 , . . . , U N } constituted of discs in general position. If M = S 2 , furthermore assume that U is 3-localized. Then
Remark 6.1. We establish in passing how the estimate max
/N formally follows from the second generalized estimate. We easily compute
Since max {1/d , sd/N } ≥ (s/N ) 1/2 and s ≥ 1, theorem 6.1 implies by itself an improvement over (1.1) (of course, the first generalized estimate is already an improvement).
We can assume without lost of generality that M has genus g ≥ 1. Indeed if M = S 2 , then since U is assumed to be 3-localized, given F ≺ U the demonstrations of our results near the end of section 4 allow us for any > 0 to consider an open cover U by discs with smooth boundaries on the torus T and a positive collection
Consequently, if the above estimates hold for g ≥ 1 for a universal constant C > 0, then the theorem holds with C = C /4.
Let U = {U 1 , . . . , U N } be an open cover on M in general position where each U i is a connected set which is not necessarily a disc but which is still included in an open disc with smooth boundary, and let F ≺ U be a partition of unity. To prove these estimates, we shall make use of the following three operations on open covers and subordinated partition of unity:
Condensation : Consider a partition {1, . . . , N } = j∈J I j . Consider the new open cover U = {U j } j∈J on M given by U j := ∪ i∈I j U i , and consider the partition of unity F ≺ U given by f j := i∈I j f i . By "inflating" the sets U j very slightly each, we can assume that U is in general position.
Resolution : Let M be a closed surface and π : M → M be a covering map. Consider on M the symplectic form ω := π * ω, so that π becomes a symplectic map. Let U be the open cover in general position on M defined by
Consider the partition of unity F ≺ U given by
We observe that for the first two operations P
Moreover observe that if U consists in discs, then any of its resolutions U consists in discs and for each U ∈ U , the restriction π : U → π(U ) is a symplectic diffeomorphism and π(U ) ∈ U.
The core idea behind the proofs of the main estimates is to use resolutions, condensations and fillings of the given data U and F to get a new open cover U by discs on some surface M which has sufficiently many essential sets. Buhovsky and Tanny's "essential" estimates would then apply to the partition of unity F ≺ U and would, at least in the most well-behaved instances, automatically induce the corresponding lower bounds on F ≺ U.
The rest of the section is divided into five subsections. In the first one, we implement the above scheme in a rather coarse way, thus obtaining lower bounds which are comparatively less evocative, yet better in some circumstances than the main estimates claimed in section 2. This subsection could however be skipped on a first reading. The second subsection is devoted to the proof of the first generalized estimate. We proceed in the third section to prove theorem 6.2, then come back in section four to the proof of the second generalized estimate. The last section to the proof of theorem 6.3.
Remark 6.2. The argument given above to reduce the study of 3-localized open covers by discs in general position on S 2 to the study of such open covers on T 2 could be understood as a generalized resolution process involving ramified quasi-symplectic maps. Some of the forthcoming results could be proved using this more sophisticated type of resolution, thus avoiding any allusion to the proof of the "essential" estimates and relying instead uniquely on the original statement (1.4) (or rather their "L 1 -norm" counterparts). The price to pay is a huge increase in the number of technicalities to overcome in order to reach comparably strong results.
6.1. Subsidiary estimates. The context is that of any of the main estimates above with the additional assumption g ≥ 1. Given a partition of unity F ≺ U, our aim in this subsection is to prove lower bounds on max i∈ 1,N U i P F ω in terms of quantities which are not readily visible from the data (M, ω, U) (and in this sense, unexpressive), but which are nonetheless intrinsic to these through the an arguably straightforward use of the three types of operations on the data (M, ω, U). As we shall see, a consequence of this estimate is that open covers which are not "equidistributed" over M tend to have a larger pb invariant.
Some of our considerations in section 4 have shown that in order to get lower bounds on max i∈ 1,N U i P F ω, it was sufficient to get lower bounds for the corresponding quantity for the lifted open cover over any surface which covers M . This lifting procedure along covering maps of M is the simplest and most canonical example of what we dub a resolution of the cover U. The reason of this terminology lies in the fact that this procedure, while preserving local properties of the cover such as degrees and pb invariants, transforms the perhaps complicated global properties of U into simpler semi-global properties of the lift of U.
Pushing this idea to its limit, we infer that it would be morally sufficient to prove lower bounds for the lift of U on the universal cover of (M, ω), which is R 2 with (up to diffeomorphism) its standard symplectic form. Explicitly, let π : R 2 → M be a (universal) covering map and define ω = π * ω, U = { U is a connected component of some π −1 (U i ) for some U i ∈ U }, and
We clearly have P F = π * P F and given U ∈ U , writing U = π(U ) ∈ U, the restriction π : (U , ω ) → (U, ω) is a symplectic diffeomorphism. Hence U P F ω = U P F ω and c(U ) = c(U).
Let S ⊂ R
2 be a bounded open set, say with smooth boundary; later on, we shall impose some further conditions on S. We consider the following two subcollections of U and the corresponding two regions of R 2 :
Since U is a locally finite cover, the sets U 1 and U 2 are finite and thus the regions R 1 and R 2 are bounded. ClearlyS ⊂ R 1 , andS and R 2 are disjoint. Let D ⊂ R 2 be an open (topological) disc with smooth boundary large enough to contain the closure of R 1 . Set R 2 := D ∩ R 2 ; we conclude that R 2 is a bounded open set which is disjoint from S, and D = R 1 ∪ R 2 .
The space M :=D/∂D can be identified with S 2 ; denoting p :D → M the quotient map, the symplectic form ω descends to a symplectic form ω = p * ω on M . Consider the cover
and U ∞ is an (arbitrary close to minimal) open disc (say with smooth boundary) which contains p(∂D ∪ R 2 ) but not S. All sets in U are discs with smooth boundaries and, with the possible exception of U ∞ , their ω -area are at most c (U) . Observe that {∞} := p(∂D) ∈ p(R 1 ), whence d(U ) = 1: U ∞ is essential to the cover U .
We construct a partition of unity F ≺ U as follows. On the one hand, each function f i ∈ F subordinated to a set from U 1 descends on M to a function f i subordinated to the corresponding set in U . On the other hand, let f c be the sum of the functions in F which are not subordinated to some set of U 1 . Since F is a partition of unity, f c is equal to 1 on ∂D; it therefore descends M to define a function f ∞ on M subordinated to U ∞ . It is easy to see that P F (p(q)) ≤ P F (q) for q ∈D, thus
Recall from the previous subsection that this condition would be verified if every U ∈ U were displaceable in (M , ω ), and it would also be verified if Area(S, ω ) ≥ c(U) for similar reasons. Under this assumption, since df ∞ vanishes outside of p(R 1 ∩ R 2 ), we get
for some universal constant C > 0. On the one hand, it implies
while on the other it yields
These results give some perspective on the validity of the strong Poisson bracket conjecture: a sequence of covers U k on (M, ω) which would contradict the conjecture would not only have covers involving more and more open sets, but these open sets would need to be somewhat more and more "dispersed" and "equidistributed".
A clearer consequence follows from these considerations. Let D(U) = max q∈M d U (q) denote the large "pointwise" degree 7 of U, which is equal to D(U ), and pick q ∈ R 2 such that
U be an open set (with smooth boundary). Then U 1 = U 0 ; indeed, we clearly have U 0 ⊂ U 1 , whereas if there were some U ∈ U 1 \ U 0 then we would have d U (q ) > D(U ) at any q ∈ U ∩ S, which is absurd. Hence
which is already an improvement over any previously known result.
6.2. The first generalized estimate. We now undertake the proof of theorem 6.1.
Step 1. Fix x ∈ M . Our first objective is to resolve the cover U on M in the appropriate way, that is to find an appropriate covering π : M → M .
Let π : R 2 → M be a universal covering map via which we resolve U. Explicitly, we setÛ to be the open cover on R 2 given by the connected components of the different sets (π ) −1 (U i ) for U i ∈ U. Since U i ⊂ M is an embedded closed disc, the restriction of π to any connected component of π −1 (U i ) is a diffeomorphism onto its image U i ; any such connected component is thus compact hence bounded.
Observe that forÛ ∈Û,Û contains at most one lift of x. Given a fixed y ∈ (π ) −1 (x), let According to the theory of covering spaces of surfaces, there is a bounded open set S y ⊂ R 2 such thatR y ⊂ S y which is a quasi-reunion of fundamental domains of π and which is the fundamental domain of another covering map π : R 2 → M where M is a closed surface. In fact if we wish, we can take S y large enough forR y to be displaceable inside S y with the help of a Hamiltonian isotopy supported in S y . Moreover, there is a covering map π : M → M such that π = π • π . Furthermore, the restriction of π toR y is a diffeomorphism onto its image. We set ω := π * ω.
Step 2.
We define an open cover U on M and a partition of unity F ≺ U by mimicking the previous sequence of operations with π in place of π .
Explicitly, we set U to be the open cover on M given resolving U along π. In parallel, we obtain a partition of unity F ≺ U . Since U i ⊂ M is an embedded closed disc, the restriction of π to the closure of any U ∈ U is a diffeomorphism onto its image π(U ) ∈ U; any such set is thus compact hence bounded.
Observe that for U ∈ U , U contains at most one lift of x. Given in particular the lift z = π (y), let
that is we replace the subcollection U z of open discs by their reunion R z . We observe that z is contained in precisely one set of U [z], namely R z . In parallel, we get a partition of unity
is an open disc. Hence filling U [z] to a cover U = {U i } i∈I is accomplished simply by filling the set R z to get an open disc R z ⊇ R z . It is indeed a disc, since it is equal to π (R y ) which is an embedded disc as π :
Observe that the disc R z is essential to the cover U , since it is the only disc which covers z. The partition of unity
is naturally subordinated to U , so we prefer to write it F ≺ U .
Step 3. Let f z ∈ F denote the function subordinated to R z . By construction, its support is included in R z . Taking also into account remark 4.2, Buhovsky and Tanny's refined "essential" estimate then implies
The first generalized estimate readily follows.
The goal of this computation was to get an upper bound on the integral R z i∈I |{f z , f i }|ω which would only involve the data U and F on M . The passage from the first to the second lines of the calculation is arguably the most obvious way to attain this goal, at the cost of a possibly important overcounting which would cause the end estimate to fall short to being optimal. We wish in the next subsection to avoid this mistake.
6.3. The "reach" estimate. Implicit in the above calculation is that for U ∈ U , the map π : (U , ω ) → (π(U ), ω) is a symplectic diffeomorphism and π(U ) ∈ U. In particular, π induces a bijection π : U z → U x and a surjective symplectic submersion π : (R z , ω ) → (R x , ω). We wish here to prove that the integral R z i∈I |{f z , f i }| ω can be (morally speaking) computed directly from the corresponding data on the reach R x .
To simplify the forthcoming calculations, we set
We now want to rewrite this last integral purely in terms of data on M . Since the sets U ∈ U are in general position, the sets U ∈ U x determine a finite CW -decomposition of the reach R x ; in particular, there is a finite set Φ of (open) disjoint faces of R x , each face having a finite number of (smooth) sides, such that the reunion of the closures of the faces is R x . Each face φ lifts under π to finitely many faces φ 1 , . . . , φ m ⊆ R z where m = m(φ); moreover, if U ∈ U intersects at most one of the lifts of a given φ, and if it does, it completely contains the lift. In particular, if a function f i subordinated to one of the U i ∈ U z does not vanish on a lift of φ, it vanishes on every other lifts of φ. Consequently, given such a face φ and function f i , there is a unambiguous way to pushforward f i | π −1 (φ) to φ: we only pushforward f i restricted to the unique lift φ j on which is does not vanish.
Thus writing R z as a (quasi-)union of the lifts of the faces φ ∈ Φ, we get
The last equality follows from the crucial observations made above. Hence, we obtain
This proves theorem 6.2.
6.4. The second generalized estimate. Since U is s-localized, there are s distincts points x 1 , . . . , x s ∈ M at which U is localized. For each k ∈ 1, s we get a corresponding (fine) "reach" estimate
By definition of s-localization, whenever k = k ∈ 1, s we have that U x k and U x k are disjoint. Consequently,
which proves the second generalized estimate.
6.5. The Poisson bracket theorem. We now wish to average the (fine) "reach" estimates over x ∈ M . We compute:
Invoking lemma 4.1, this proves theorem 6.3 in its "L ∞ -norm" formulation given in section 2. Since this is true for any surface of genus g ≥ 1, invoking corollary 4.1, it follows also that there is a universal constant C > 0 such that for the same context as in theorem 6.3, we deduce
6.6. Remarks and open questions. We notice that we could integrate the "reach" estimates over M using any finite nonnegative measure µ. The first few steps would be the same and would lead to
The "reach" estimate for x ∈ M corresponds to taking µ = δ x the Dirac mass localized at x; the second generalized estimate corresponds to taking µ = s k=1 δ x k ; the Poisson bracket theorem corresponds to µ = (Area(M, ω)) −1 ω.
If µ = g ω for some smooth function g > 0 such that µ(M ) = Area(M, ω), then µ can be interpreted as a symplectic form on M in the same cohomology class as ω; Moser's trick then yields a symplectic diffeomorphism ψ : (M, ω) → (M, µ). We also observe that
Relating the two, we get
and thus
This is completely compatible with the philosophy that we are unveiling a symplectic version of the mean value theorem.
Since we are averaging the "reach" estimates, the choice of µ which makes the inequality the sharpest is a Dirac mass or more generally a measure supported on the same faces (for the canonical CW -decomposition induced by U) as those supporting those Dirac masses. Similarly for the choice of µ which makes the inequality the unsharpest. Yet, by rewriting the inequality above in terms of other quantities, it might be possible to get manifestly different informations for the choices of µ which make the inequality the sharpest, and incidentally perhaps better lower bounds on P BT F .
In the process of proving the Poisson bracket theorem, we obtained the estimate
This means that the function x → c(U) P BT F (x) is greater than 1 on average, something stronger than what we aimed to prove. This suggests that there might be a way to "localize" the "mean value inequality", perhaps by replacing c(U) in the function above by a finer function of x measuring the "local size" of U, or by estimating the size of the upper-level sets P λ = {x ∈ M : c(U)P BT F (x) ≥ λ}. We did construct collections F for which P BT F vanishes somewhere; we could however aim to estimate the variance of the function P BT F , that is push the statistical analysis of this function a step further.
Somewhat along similar lines, let's consider the expectation
Our specialized results from section 5 suggests that this quantity could be for any F ≺ U bounded from below by a positive constant C(M, ω) > 0. The constant we found out in that section were not universal, but could detect the topology of M . To determine whether the above expectation value in bounded from below by a constant C(M, ω) > 0 would be quite interesting, as would be the determination of its universality or not.
Let's make a few steps on this question. Let's assume that every disc in U has area c(U).
We compute
In particular, E U P Let's observe that we can add to U as many discs of area c(U) as we wish to get a new cover U , the new functions f j added being chosen all identically zero. By adding sufficiently well chosen discs, we can manage to bring the quotient d(U )/D(U ) → 1. This suggests that a random disc U of area c(U) on (M, ω) equipped with the collection F would satisfy on average U P BT F ω ≥ 1. We can image the cover U to be comprised mainly of discs of prescribed shapes, for instance Riemannian discs, so that this conclusion would also hold in a rather localized way. This somehow link the question to the previously mentioned statistical analysis of the function P BT F itself.
Appendix A.
Theorem 4.1. Let X ⊂ (M, ω) be a connected subset.
(2) For X open, if it is: (i) : displaceable and has smooth boundary, then it is contained in a closed smoothly embedded disc of area A ≤ (1/2) Area(M, ω); (ii) : contained in a closed smoothly embedded disc of area A < (1/2) Area(M, ω), then it is displaceable.
Proof. The claim (1) The case when X open is more substantial. Let's consider (i). Since X is displaceable by a Hamiltonian isotopy, we claim that any smooth loop in X is contractible in M . Since a smooth loop is homologous to a sum of embedded loop, we can prove the claim for embedded loops. If M = S 2 , the claim is self-evident. If M = Σ g has genus g ≥ 1, we invoke Gromov's theorem [G] (see also [Po1] and [ALP] ): a weakly exact Lagrangian submanifold in a compact symplectic manifold can't be displaced by a Hamiltonian isotopy. We recall that a submanifold ι : L ⊂ (M, ω) is Lagrangian if ι * ω = 0 and if dim(L) = (1/2)dim(M ), and that a Lagrangian submanifold is weakly exact if the integration map λ L : π 2 (M, L) → R : S → S ω vanishes. Now, when M is a surface, a connected Lagrangian submanifold is simply an embedded loop. If an embedded loop L ⊂ X ⊂ Σ g were non-contractible, then no disc in M would have boundary in L, that is π 2 (M, L) = 0; L would automatically be weakly exact and thus L and a fortiori X would be non-displaceable, a contradiction. Now for any surface M , the connected components of ∂X are embedded loops C i in M and are thus contractible; by the Jordan-Schoenflies theorem, each of these loops separates M into two open connected component, at least one of which is a disc. If M = S 2 , then the components of the complement of each C i are discs, but only one of them does not intersect X as the latter is assumed connected; let I(C i ) be that component which avoids X. Select a I(C i ) which has the largest area among those components and letX be S 2 minus that disc. Equivalently, add to X every I(C i ) except that largest one. If M = Σ g has genus g ≥ 1, the complement of a given C i only has one component diffeomorphic to a disc, which we denote I(C i ), and set X = X ∪ i I(C i ). In both cases,X is a closed embedded disc (as every loop in it is contractible and as it has a boundary) which containsX; we have intuitively "filled the holes" in X.
If φ : M → M is a Hamiltonian diffeomorphism which displaces X, we claim that it also displaces the open set int(X) (it might not displaceX itself). Indeed, φ(X) either lies inside the complement ofX or in one of the set I(C i ) ⊂X. Since φ is isotopic to the identity map, the latter possibility is impossible as it would imply φ(I(C i )) ⊂ I(C i ), but since φ preserves area we would have φ(I(C i )) = I(C i ) hence leaving no space for φ(X) inside I(C i ). Therefore φ(X) ⊂ M \X, and the same fact that φ ∼ id implies that each I(C i ) ⊂X satisfies φ(I(C i )) ⊂ M \X. It follows that int(X) is disjoint from φ(int(X). Since φ preserves area, we get Area(int(X), ω) ≤ (1/2) Area(M, ω). Since X and thusX have smooth boundaries, we have Area(X, ω) = Area(int(X), ω). This proves (i).
Let's consider (ii). Let D ⊂ M be a closed embedded disc containing X and such that Area(D, ω) < (1/2) Area(M, ω). It is clearly possible to embed a closed disc D with the same area in the complement M \ D. Moser's argument allows us to produce a symplectic isotopy on M from D to D , and since D is a disc, the relative cohomology H Consider the Hamiltonian function H(x, y) = −(c + ) y on R 2 , which produces the isotopy φ t (x, y) = (x + (c + ) t, y). The map φ 1 displaces S inside the right half of S, hence displaces D . Let R = ∪ t∈[0,1] φ t (S ) ⊂ S be the rectangle spanned by the displacement of S and choose a smooth bump function ρ which equals 1 on R and whose support lies in a small neighborhood inside S of the closure of R . The function H (x, y) := ρ(x, y)H(x, y) produces an isotopy φ t supported in that small neighborhood such that φ 1 still displaces S . By choosing the neighborhood small enough, we can manage to have max H − min H < c + 2 at each time t ∈ [0, 1]. Hence, e H (D ) < c + 2 and this holds true for any > 0, whence e H (D ) ≤ c. If M = Σ g with g ≥ 1, the natural lift of φ t to an isotopy φ t on the universal cover R 2 is a Hamiltonian isotopy with the same Hofer energy e. It follows that e is at least the Hofer displacement energy of a disc of area c inside R 2 , denote it e H (c; R 2 ). However, Hofer's energycapacity inequality [H] states in that case that e H (c; R 2 ) ≥ c. As this is true for any possible e, we have e H (D) ≥ c.
If M = S 2 , things are more complicated. If φ t would fixe a particular point p ∈ S 2 , the displacement of D would effectively occur in an open disc S ⊂ R 2 of area A and essentially the same argument as above would apply. Otherwise, one could cook up a new Hamiltonian isotopy displacing D and which fixes a point, but it is rather tricky to ensure that Hofer energy is not increased in this way. Fortunately, it follows from Usher's general and sharp energy-capacity inequality [U] that e H (D) ≥ c.
